Abstract-This paper investigates typical behaviors like damped oscillations in fractional order (FO) dynamical systems. Such response occurs due to the presence of, what is conceived as, pseudo-damping and meta-damping in some special class of FO systems. Here, approximation of such damped oscillation in FO systems with the conventional notion of integer order damping and time constant has been carried out using Genetic Algorithm (GA). Next, a multilayer feed-forward Artificial Neural Network (ANN) has been trained using the GA based results to predict the optimal pseudo and meta-damping from knowledge of the maximum order or number of terms in the FO dynamical system.
INTRODUCTION
Fractional order dynamical systems which are governed by fractional order differential equations have got renewed interest in the science and engineering community in recent past for its higher capability and flexibility in modeling of natural processes [1] , [2] . It is well known from basics of control theory that second order stable oscillatory dynamical systems or higher order stable oscillatory systems, which can also be approximated as second order transfer function models, decay with an exponential envelope upon step or impulse type excitation [3] . In other words, a physical system, governed by second order differential equation of the form (1), with excitation ( ) u t and response ( ) 
Here, parameters { } , ,
ξ ω τ represent the system's damping ratio, natural frequency and time constant respectively with 1 τ ω = .
For step and impulse type excitation, the dynamical system governed by (1) exhibit damped time responses with an exponential envelope, represented by (2) and (3) In contrast, a dynamical system, governed by a two term fractional order differential equation (4) can also show oscillatory damped time response for ( ) 1, 2 α ∈ , although there is no explicit damping term, containing ξ in (4) . This typical behavior of fractional order systems lead to the concept of "Pseudo-damping" which can not be visualized with the conventional theory of integer order calculus for describing the dynamics of physical systems. 
( ) ( ) ( )
Laplace transform of (4) with zero initial condition gives the system's transfer function as (5) which again produces its impulse response as the Green's function (6) upon inverse Laplace transformation [1] for the two-term FO system (4).
In (6), , E α β represents the two-parameter Mittag-Leffler function which is a higher transcendental, encompassing a large family of conventional transcendental functions like trigonometric, inverse circular, exponential, logarithmic, hyperbolic etc. [1] - [2] . The series representation of two parameter Mittag-Leffler function is given by (7) which is a generalized template and reduces to an exponential function for 1, 1
. Also, from (6) it can be observed that the envelope is guided by a power law instead of an exponential one in (3) . In this system, a Mittag-Leffler type oscillation takes place in contrast to the sinusoidal oscillation in (3).
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The present paper firstly attempts to approximate the oscillations, produced due to step excitation of (4) with an equivalent template given by (1) using GA i.e. finding optimal pseudo/meta (FO)-damping or time constants, associated with the oscillatory time response of the FO system. Next the optimal FO damping and time constants are predicted using a multilayer feed-forward ANN. This approach reduces the computational load, associated with running GA every time for finding out the equivalent optimal FO damping for any arbitrary FO system within this range and such an application is justified from the point that multilayer feed-forward ANN is generally very good function approximator [4] - [5] . In [6] , the concept of optimal fractional order damping was first proposed with a specific need for faster stabilization of oscillatory systems using the concept of FO damping with respect to some integral performance indices like Integral of Squared Error (ISE), Integral Time weighted Squared Error (ITSE) etc. This paper gives a new concept of finding the optimal integer order equivalence of FO damping using ISE/ITSE as performance indices and also proposes their ANN based prediction.
Rest of the paper is organized as follows. Section II briefly introduces the basics of pseudo-damping and meta-damping in some special class of oscillatory FO dynamical system. Section III describes time domain simulation of pseudo/meta-damping and their GA based optimal time domain approximation. Section IV presents the ANN based training and prediction performance for these optimal FO-damping. The paper ends with the conclusion as section V, followed by the references.
II. CONCEPT OF PSEUDO AND META-DAMPING IN FRACTIONAL ORDER LINEAR DYNAMICAL SYSTEMS
In [1] - [2] , it has been reported that time and frequency domain representations of few special functions, related to fractional calculus like R-function and G-function are given by: 
If 
Under this condition, expressions (8) and (9) represents the step response of stable FOTFs with the replacement of ( a ) by unity and ( b ) by ( b − ) in structures like (4). i.e.
It has been seen from (4) that the step response gives sustained oscillation for 0 α = . But the response becomes damped for1 2 α < < . Hence, a fractional order system of the form (4) having no explicit damping term in it, also exhibits damped oscillation in time response for 1 2 α < < . Such an oscillation has been approximated by using a second order system of the form (1) while minimizing few integral error indices. The FO system of the structure (11) with1 2 α < < , can be modified with normalized frequency to unity ( 1 b = ) as:
where, { } , τ ξ can be termed as the optimal pseudo-time constant and pseudo-damping respectively with respect to some integral error index.
The second class of FO systems in (11) exhibits different type of oscillations if different combinations of orders are used in the expansion of the polynomials, although the highest order of the models are same and only the number of fractional order terms varies in the model. It is well known that order of a FO LTI system is determined by the maximum order present in the denominator polynomial. If it be assumed that 2 r α = , the system governed by (9) becomes a different class of fractional second order system (13) which can again be represented by equivalent second order approximation with { } , τ ξ being the optimal meta-time constant and meta-damping respectively. Similar treatment of normalizing the frequency to unity yields:
The following examples put more light on the behavior of such systems with meta-damping. Simple modification of (13) gives first and second order transfer functions like (14). It is interesting to note that though the leading order remains one and two in these models, the number of fractional order elements increase upon binomial expansion for the terms with higher powers. These additional number of FO terms puts extra damping to the FO system which is defined as the metadamping in FO dynamical system of the form (13). Thus a FO system represented by (14) is distinctly characterized by the number of FO elements present in it and not by the leading FO order unlike (12). This typical behavior is the motivation behind defining two different class of FO damping i.e. pseudodamping for system (12) and meta-damping for system (13). 
It is therefore clear that the pseudo-damping is associated with the reduction in the highest order of a FO system whereas meta-damping is associated with the increase in fractional order elements within a FO model though the highest order of the plant remains the same.
III. TIME DOMAIN SIMULATION OF FRACTIONAL ORDER SYSTEMS WITH PSEUDO-DAMPING AND META-DAMPING MATLAB based codes have been developed using the infinite series representations of such FOTF i.e. (8)- (9) under impulse/step excitation. Time domain simulation using (8)- (9) often gives poor result above 30 seconds. This is due to the fact that gamma function in the denominator of (8)- (9) approaches towards a very large value which can not be computed using most of the scientific programming languages, due to buffer overflow. Thus it is recommended to reliably use expression (8)-(9) for time domain simulation of the special class of FO systems only up to 30 seconds. Simulation of first order system with meta-damping and 0.9 α < also becomes computationally infeasible due to blowing up of the associated gamma functions. Similarly, second order systems with meta-damping and 0.9 α < gives reliable time response up to 25 seconds, below which the results are unreliable as also reported in Hartley and Lorenzo [6] in the context of optimal FO damping. Step response of FO system with pseudo-damping.
A. Step Response Characteristics
FO systems given in (12)-(13) have now been subjected to step input excitations and evaluated at each discrete time step using (8)- (9) and shown in Fig. 1-3 . Fig. 1 shows that the oscillations become more damped with decrease in the order (α ) of FO system (12). Similar behaviors can be found for FO systems with meta-damping with leading order being 2 ( Fig. 2) and 1 (Fig. 3) respectively. It is interesting to note that even first order systems in the presence of other FO elements may exhibit oscillations as shown in Fig. 3 . In Fig. 1 the decaying envelope may be guided by a power law as reported in (6), but the nature of oscillations for meta-damping in Fig. 2-3 are more complex to be represented as closed form solutions unlike (6). Step response characteristics of fractional second order system with.meta-damping. Step response characteristics of fractional first order system with meta-damping.
B. Impulse Response Characteristics
The impulse responses have been shown next for the above discussed three classes of FO systems. As expected in Fig. 6 , the oscillations start from a value of unity for first order systems (with additional FO elements causing meta-damping). Fig. 5 shows the oscillations starting from zero confirming the preservation of the second order behavior of the FO system. In Fig. 4 showing FO systems with pseudo-damping mixed behaviors can be observed regarding the initial value of the impulse response which indicates that the classical notion of judging the order of the system by looking only at the impulse response characteristics is not valid for pseudo-damping. 
C. Genetic Algorithm Based Approach for Finding Optimal
Pseudo-Damping and Meta-Damping Genetic algorithm (GA) is a stochastic optimization process which can be used to minimize a chosen objective function. A solution vector is initially randomly chosen from the search space and undergoes reproduction, crossover and mutation, in each iteration to give rise to a better population of solution vectors in the next iteration. Reproduction implies that solution vectors with higher fitness values can produce more copies of themselves in the next generation. Crossover refers to information exchange based on probabilistic decisions between solution vectors. In mutation a small randomly selected part of a solution vector is occasionally altered, with a very small probability. This way the solution is refined iteratively until the objective function is minimized below a certain tolerance level or the maximum number of iterations are exceeded. In the present study the number of population members in GA is chosen to be 20. The crossover and mutation fraction are chosen to be 0.8 and 0.2 respectively for minimization of the following objective functions. (13) and (14) gives the optimum values of pseudo/metadamping and time constant. The ISE and ITSE based optimization results have been reported in Table I -III for the three test cases, as in Fig. 1-3 . 
A. Multi-Layer Feedforward Neural Network Architecture
The standard neural network architecture consists of an input layer, one or more hidden layers with multiple perceptrons and an output layer. The number of perceptrons in the hidden layer and the number of hidden layers are generally problem specific and depend on the choice of the user. In the present study, the number of hidden layers is varied from 1 to 2 and for each case the number of neurons in each layer is varied from 5 to 25 in incremental steps of 5. The ANN is fully connected, i.e., the output from each input and hidden neuron is distributed to all the neurons of the subsequent layer. Also a feed-forward architecture is used, i.e. the data flows and is processed sequentially through the input, hidden and output layers and are not fed-back to the previous layers, unlike the recurrent ANN structure. Hyperbolic tangent sigmoid (tansig) and logarithmic sigmoid (logsig) type activation functions and their combinations are used to create different ANN architectures for comparing the relative effectiveness of these structures at capturing the nonlinear relationship between the input (α ) and output ( , τ ξ ) data.
B. Training Performance of ANN and Time Domain Performance of the Predicted Outputs
Multilayer feed-forward ANN has now been employed to predict the optimal pseudo/meta damping/time constants from the knowledge of the fractional order of the dynamical system. Tables IV-VI gives the GA based optimal pseudo/meta damping ( ξ ) and time constant (τ ) of the FO systems in terms of equivalent second order systems considering the ITSE criterion, since ITSE puts more penalties on the error at later stages unlike ISE producing better accuracy. The ANNs are trained with Levenberg-Marquardt back-propagation algorithm which is a gradient based method and often gets stuck in local minima. To check the consistency of the ANNs for capturing the input-output relationship, the Mean Squared Error (MSE) of 25 independent runs has been chosen as the performance measure. This is justified from the fact that often large size multilayer ANNs accurately establishes arbitrary nonlinear relation between any input-output data but they might not show consistency in the mapping [4] - [5] . Hence there is always a trade-off between size of the ANN and the prediction accuracy. Figure 9 . ANN based prediction of meta-damping for fractional first order system. In IV-VI the ANN with 5 neurons in the single hidden layer with logsig activation function has been found to produce consistently good prediction of the optimal FO damping in terms of minimum average MSE for 25 runs. Subsequent increase in number of layers or different combinations of activation functions may result in lower MSE in some particular cases. But considering the consistency of ANNs, these complicated structures have been found to produce always a higher value of average MSE. Table VII reports the predicted values and MSE of three different classes of FO systems for different fractional orders while considering single hidden layer containing 5 neurons and logsig activation function. The simulations and results justify the argument that complicated ANN topology may establish arbitrary mapping but the consistency of such mapping reduces with large size of the network [4] - [5] . Time response curves for the systems with the predicted pseudo-meta damping and time constants corresponding to that presented Table VII and the GA based  optimum results in Tables I-III has been shown in Fig. 7-9 for step input excitation. In Fig 7-9 it is clear that the ANN based predicted results (dashed lines) are very close to the GA based optimum values (continuous lines). The prediction is very accurate for first and second order meta-damping than the pseudo-damping and also for low value of fractional order (α).
In contemporary literatures like [7] - [9] , the concept of pseudo-damping was first proposed with a different second order like structure of the FO systems with commensurable orders. In the present paper, pseudo-damping refers to the damping introduced in the system with decrease in its leading order which is different from that reported in [6] - [9] . The contribution of the present paper is firstly to give systematic definition of pseudo and meta-damping in FO systems and secondly their ANN based prediction from the GA based ITSE optimum results.
V. CONCLUSION
In this paper, the concepts of pseudo-damping and metadamping are introduced for some special class of fractional order dynamical systems. Genetic algorithm is used to obtain the equivalent second order damping characteristics of these FO systems. An ANN based approach is used next to model this arbitrary (nonlinear) relationship and eliminate the requirement of running the computationally intensive GA every time. Extensive parametric study have been done to find out the multilayer feed-forward ANN architecture that is capable to optimally capture the nonlinearity, by minimizing the MSE and simultaneously avoiding the pitfall of over-fitting. Consistency of ANN structures for mapping the fractional order to optimal FO damping and time constants are judged by considering average MSE of 25 independent runs. The time domain comparison of the GA based optimum results with the ANN based predicted results is found to be very close.
